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1 Introduction

The question of characterizing convexity and generalized convexity properties in terms of subdifferentials

receives tremendous attention in optimization theory and variational analysis. For decades, there have been

received many significant contributions devoted to this question such as [8, 9, 11, 14, 16] for convex functions,

[2, 3, 4, 6, 12, 13] for quasiconvex functions and [6] for robustly quasiconvex functions.

This paper follows this stream of research. Our aim is to establish the first-order characterizations for the

robust quasiconvexity of lower semicontinuous functions in Asplund spaces. First, some existing results re-

garding to the properties of subdifferential operators of convex, quasiconvex functions are recalled in Section

2, where the definitions and some basic results are given as well. Besides, necessary and sufficient first-order

conditions for a lower semicontinuous function to be quasiconvex are reconsidered. Those characterizations

moreover could be used to characterize the Asplund property of the given space. Second, two criteria for the

robust quasiconvexity of lower semicontinuous functions in Asplund spaces are obtained by using Fréchet

subdifferentials in Section 3. Each criterion corresponds to each type of analogous conditions for quasicon-

vexity. The first one is based on the zero and first order condition for quasiconvexity (see Theorem 2.2(b)

in Section 2). It extends [6, Proposition 5.3] from finite dimensional spaces to Asplund spaces. Moreover,

its proof also overcomes a glitch in the proof of the sufficient condition of [6, Proposition 5.3]. The second

criterion is totally new. It is settled from the equivalence of the quasiconvexity of lower semicontinuous

functions and the quasimonotonicity of their subdifferential operators (see Theorem 2.2(c) in Section 2).
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2 Preliminaries

Let X be a Banach space and X∗ its dual space. X is called an Asplund space, or has the Asplund property,

if every separable subspace Y of X has separable continuous dual space Y ∗. The duality pairing on X ×X∗

is denoted by 〈., .〉. In what follows, R :=]−∞,∞]; Br(x) is the open ball of radius r > 0 centered at x ∈ X

and B
∗ ⊂ X∗ is the closed ball of radius 1 centered at 0X∗ . The extended real-valued function ϕ : X → R

considered mostly is proper lower semicontinuous (l.s.c), i.e. ϕ is not identically +∞, and the lower level

sets ϕ≤
α := {x ∈ X : ϕ(x) ≤ α} are closed for all α ∈ R. As usual domϕ stands for the domain of ϕ, defined

as

domϕ := {x ∈ X : ϕ(x) <∞}.

For a set-valued mapping A : X ⇒ X∗, the domain of A is written

domA := {x ∈ X : A(x) 6= ∅}.

The graphs of ϕ and A are respectively defined as

graphϕ := {(x, α) ∈ X × R : ϕ(x) = α},

graphA := {(x, x∗) ∈ X ×X∗ : x∗ ∈ A(x)}.

A subset U of X is convex if it contains all closed segments connecting two points in U . The function ϕ

is said to be convex if the domain of ϕ is convex and for any α ∈ [0, 1], x, y ∈ domϕ we always have the

inequality ϕ(αx + (1− α)y) ≤ αϕ(x) + (1− α)ϕ(y).

As usual, the Fréchet subdifferential of a proper lower semicontinuous function ϕ is the set-valued mapping

∂̂ϕ : X ⇒ X∗ defined by

∂̂ϕ(x) :=

{
x∗ ∈ X∗ : lim inf

y→x

ϕ(y)− ϕ(x) − 〈x∗, y − x〉

‖y − x‖
≥ 0

}
, for all x ∈ domϕ.

When ϕ is convex, the Fréchet subdifferential reduces to the convex analysis subdifferential

∂̂ϕ(x) = ∂ϕ(x) := {x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ ϕ(y)− ϕ(x)}, for all x ∈ domϕ.

An operator A is monotone if for all x, y ∈ domA, one has 〈x∗ − y∗, x− y〉 ≥ 0 with x∗ ∈ A(x), y∗ ∈ A(y). It

is well-known that when ϕ is convex, the operator ∂̂ϕ is monotone [16]. The inverse implication also holds

in Asplund space [11, Theorem 3.56]; but it is not true in general Banach spaces. The reader is referred to

the proof of the reverse implication in [10, Theorem 2.4] for a counter-example.

Let us recall some notions of generalized convex functions.

Definition 2.1 A function ϕ : X → R is

1. quasiconvex if

∀x, y ∈ X,λ ∈]0, 1[, f(λx + (1− λ)y) ≤ max{f(x), f(y)}. (1)

2. α-robustly quasiconvex with α > 0 if, for every v∗ ∈ αB∗, the function ϕv∗ : x 7→ ϕ(x) + 〈v∗, x〉 is

quasiconvex.

Clearly, ϕ is α-robustly quasiconvex iff the function ϕv∗ is quasiconvex for all v∗ ∈ X∗ such that ‖v∗‖ < α.

Tracing back to the original definition of robustly quasiconvex functions, they were first defined in [15]

under the name “s-quasiconvex” or “stable quasiconvex”, and then renamed “robustly quasiconvex” in [5].
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This class of functions holds a notable role, as many important optimization properties of generalized convex

functions are stable when disturbed by a linear functional with a sufficiently small norm (for instance, all

lower level sets are convex, each minimum is global minimum, each stationary point is a global minimizer).

For interested readers, we refer to [15] again, and further related works [1, 5].

Definition 2.2 An operator A : X ⇒ X∗ is quasimonotone if for all x, y ∈ X and x∗ ∈ A(x), y∗ ∈ A(y) we

have min{〈x∗, y − x〉, 〈y∗, x− y〉} ≤ 0.

Significant contributions concerning dual criteria for quasiconvex functions are in [2, 4]. Those character-

izations are applicable for a wide range of subdifferentials, for instance Rockafellar-Clarke subdifferentials

in Banach spaces, and Fréchet subdifferentials in reflexive spaces. These results are still unclear for Fréchet

subdifferentials in Asplund spaces. Below, we give a short proof to clarify this. Our proof relies on the proof

scheme of [2] and the following approximate mean value theorem [11, Theorem 3.49].

Theorem 2.1 Let X be an Asplund space and ϕ : X → R be a proper lower semicontinuous function finite

at two given points a 6= b. Consider any point c ∈ [a, b) at which the function

ψ(x) := ϕ(x) −
ϕ(b)− ϕ(a)

‖a− b‖
‖x− a‖

attains its minimum on [a, b]; such a point always exists. Then, there are sequences xk
ϕ
→ c and x∗k ∈ ∂̂ϕ(xk)

satisfying

lim inf
k→∞

〈x∗k, b− xk〉 ≥
ϕ(b)− ϕ(a)

‖a− b‖
‖b− c‖, (2)

lim inf
k→∞

〈x∗k, b− a〉 ≥ ϕ(b)− ϕ(a). (3)

Moreover, when c 6= a one has

lim
k→∞

〈x∗k, b− a〉 = ϕ(b)− ϕ(a). (4)

Theorem 2.1 allows us to deduce the following three-points lemma which is similar to [3, Lemma 3.1].

Lemma 2.1 Let ϕ : X → R be a proper, lower semicontinuous function on an Asplund space X. Let

u, v, w ∈ X such that v ∈ [u,w], ϕ(v) > ϕ(u) and λ > 0. Then, there are x̄ ∈ domϕ and x̄∗ ∈ ∂̂ϕ(x̄) such

that

x̄ ∈ Bλ([u, v]) and 〈x̄∗, w − x̄〉 > 0,

where

Bλ([u, v]) := {x ∈ X : ∃y ∈ [u, v] such that ‖x− y‖ < λ}.

We are in position to establish characterizations of quasiconvexity in terms of Fréchet subdifferentials in

Asplund spaces.

Theorem 2.2 Let ϕ : X → R be a proper lower semicontinuous function on an Asplund space X. The

following statements are equivalent

(a) ϕ is quasiconvex;

(b) If there are x, y ∈ X such that ϕ(y) ≤ ϕ(x), then 〈x∗, y − x〉 ≤ 0 for all x∗ ∈ ∂̂ϕ(x).

(c) ∂̂ϕ is quasimonotone.
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Proof. (a)⇒(b) Assume that x, y ∈ X , ϕ(x) ≥ ϕ(y), and x∗ ∈ ∂̂ϕ(x). Consider Sx := {u ∈ X : ϕ(u) ≤

ϕ(x)}. Since ϕ is quasiconvex, then Sx is a convex set. Thus, we have the function f := δSx
+ϕ(x) is convex,

where δSx
is equal to 0 for u ∈ Sx and to ∞ otherwise. On the other hand, f(x) = ϕ(x) and f(u) ≥ ϕ(u)

for all u ∈ X , thus ∂̂ϕ(x) ⊂ ∂̂f(x). By the definition of convex subdifferential, since x∗ ∈ ∂̂ϕ(x) ⊂ ∂̂f(x),

we have 〈x∗, y − x〉 ≤ 0.

(b)⇒(c) Assume that there are x, y ∈ X and x∗ ∈ ∂̂ϕ(x), y∗ ∈ ∂̂ϕ(y) such that 〈x∗, x − y〉 < 0 and

〈y∗, x− y〉 > 0. Then, by (b), ϕ(x) < ϕ(y) and ϕ(y) < ϕ(x), which is a contradiction.

(c)⇒(a) By using Lemma 2.1, the proof of this assertion is similar to one in [2, Theorem 4.1].

Remark 2.1 Observe that the implications (a) ⇒ (b) and (b) ⇒ (c) hold in Banach spaces while (c) ⇒ (a)

only holds in Asplund spaces. In fact, the equivalence of these statements actually can characterize the

Asplund property in the sense that if X is not an Asplund space, then there is a function ϕ whose Fréchet

subdiferential satisfies (b) and (c) but is not quasiconvex. Such a function ϕ can be found in [10, Theorem 2.4].

3 Characterizations of Robustly Quasiconvex Functions

A zero and first order characterization of robust convexity was given in [6, Proposition 5.3] for finite di-

mensional spaces. We remark that there is an oversight in the proof given there; although the function f

is only assumed to be lower semicontinuous, the existence of z in the second paragraph actually requires

continuity. Here we show that this conclusion is still correct not only when f is assumed just to be lower

semicontinuous, but also when X is only assumed to be an Asplund space. To derive this generalization, we

need the following lemmas, revealing that quasiconvex functions have certain nice properties which resemble

those of convex functions.

Lemma 3.1 If ϕ : X → R is a quasiconvex and lower semicontinuous function, and u, v ∈ X are such that

ϕ(v) ≥ ϕ(u) then

lim
t↓0

ϕ(v + t(u− v)) = ϕ(v). (5)

Proof. Suppose that u, v ∈ X and that ϕ(v) ≥ ϕ(u). Since ϕ is quasiconvex, for all t ∈]0, 1[, we have

ϕ(v + t(u− v)) ≤ max{ϕ(v), ϕ(u)} = ϕ(v). It follows that lim supt↓0 ϕ(v + t(u− v)) ≤ ϕ(v). Combining the

latter with the lower semicontinuity of ϕ we get (5). ✷

Lemma 3.2 Let ϕ : X → R be a quasiconvex function and u, v, w ∈ X such that v ∈]u,w[, ϕ(u) ≤ ϕ(w).

Suppose that there exist v∗ ∈ X∗ and z ∈]u, v[ such that ϕv∗(z) > max{ϕv∗(u), ϕv∗(w)}. Then

ϕ(u) < ϕ(z) ≤ ϕ(v) ≤ ϕ(w). (6)

Proof. Since z ∈]u, v[⊂]u,w[, ϕ(u) ≤ ϕ(w) and ϕ is quasiconvex we have ϕ(z) ≤ max{ϕ(u), ϕ(w)} = ϕ(w).

Hence, the latter and the inequality ϕv∗(z) > ϕv∗(w) implies that 〈v∗, z〉 > 〈v∗, w〉. Again, z ∈]u,w[ implies

〈v∗, z〉 < 〈v∗, u〉. Therefore, the inequality ϕv∗(u) < ϕv∗(z) yields ϕ(u) < ϕ(z). Since z ∈]u, v[ and v ∈]z, w[,

we deduce ϕ(z) ≤ ϕ(v) ≤ ϕ(w) from the latter inequality and the quasiconvexity of ϕ. Hence, (6) holds. ✷

Lemma 3.3 Let ϕ : X → R be a quasiconvex, proper, and lower semicontinuous function, and v∗ ∈ X∗. If

ϕv∗ is not quasiconvex then there exist u, v, w ∈ X such that v ∈]u,w[ and

ϕ(w) ≥ ϕ(v) > ϕ(u), (7)

ϕv∗(v) > max{ϕv∗(u), ϕv∗(w)}, (8)

∀γ > 0, ∃vγ ∈ Bγ(v)∩]v, w[ : ϕv∗(v) > ϕv∗(vγ). (9)
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Proof. Since ϕv∗ is not quasiconvex, there exist u,w ∈ X such that u 6= w,ϕ(u) ≤ ϕ(w) and v0 ∈]u,w[

such that ϕv∗(v0) > max{ϕv∗(u), ϕv∗(w)}. Applying Lemma 3.1, we get limt↓0 ϕ(w+ t(u−w)) = ϕ(w), and

so limt↓0 ϕv∗(w + t(u − w)) = ϕv∗(w). Since ϕv∗(w) < ϕv∗(v0), there exists t0 ∈]0, 1[ such that

ϕv∗(w + t(u− w)) < ϕv∗(v0), ∀t ∈]0, t0[. (10)

Consider the set

L := {z ∈]u,w[: ϕv∗(z) ≥ ϕv∗(v0)}.

Clearly, L 6= ∅ and for each z ∈ L we have ‖z − w‖ ≥ t0‖u− w‖ by (10). It follows that

r := inf{‖z − w‖ : z ∈ L } ∈ [t0‖u− w‖, ‖u− w‖[ ⊂ ]0, ‖u− w‖[,

v := w + r
u− w

‖u− w‖
∈ ]u,w[.

We will show that v ∈ L and so (8) holds. Suppose on the contrary that v /∈ L . Then v0 ∈]u, v[ and we

get ϕ(u) < ϕ(v0) ≤ ϕ(v) ≤ ϕ(w) by Lemma 3.2. Applying Lemma 3.1, we get limt↓0 ϕ(v+ t(u− v)) = ϕ(v),

and so limt↓0 ϕv∗(v + t(u− v)) = ϕv∗(v). By the definition of r, there exists a sequence (zn) ⊂ L such that

‖zn − w‖ → r and ‖zn − w‖ > r for all n ∈ N. Therefore,

ϕv∗(v) = lim
t↓0

ϕv∗(v + t(u− v))

= limϕv∗

(
v +

‖zn − w‖ − r

‖u− v‖
(u− v)

)

= limϕv∗

(
v −

r

‖u− v‖
(u− v) +

‖zn − w‖

‖u− v‖
(u− v)

)

= limϕv∗

(
v −

r

‖u− w‖
(u − w) +

‖zn − w‖

‖u− w‖
(u− w)

)

= limϕv∗

(
w +

‖zn − w‖

‖u− w‖
(u− w)

)

= limϕv∗ (zn)

≥ ϕv∗(v0),

which is a contradiction. Now we show that v satisfies (9). Let γ be any positive real number and

vγ := w +
r − rγ
‖u− w‖

(u− w) with rγ := min{r/2, γ/2} > 0.

Since 0 < r − rγ < r < ‖u − w|, it implies that vγ ∈]v, w[ \ L . Therefore, ϕv∗(vγ) < ϕv∗(v0) ≤ ϕv∗(v).

Furthermore,

‖vγ − v‖ =

∥∥∥∥w +
r − rγ
‖u− w‖

(u − w)− w − r
u− w

‖u− w‖

∥∥∥∥ = rγ < γ.

Hence, v satisfies (9). ✷

Theorem 3.1 Let ϕ : X → R be a proper lower semicontinuous function on a Banach space X, and α > 0.

Consider the following statements

(a) ϕ is α−robustly quasiconvex;

(b) For every x, y ∈ X

ϕ(y) ≤ ϕ(x) =⇒ 〈x∗, y − x〉 ≤ −min {α‖y − x‖, ϕ(x) − ϕ(y)} , ∀x∗ ∈ ∂̂ϕ(x). (11)
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Then (a)⇒(b). Additionally, if X is an Asplund space, then (b)⇒(a).

Proof. Suppose that ϕ is α−robustly quasiconvex, and x, y ∈ X satisfy ϕ(y) ≤ ϕ(x). Assume that

x∗ ∈ ∂̂ϕ(x). We will prove

〈x∗, y − x〉 ≤ −min {α‖y − x‖, ϕ(x) − ϕ(y)} .

If x = y, the above inequality is trivial. Otherwise, we consider two cases:

Case 1. α‖y − x‖ ≤ ϕ(x)− ϕ(y)

We then need to prove that

〈x∗, y − x〉 ≤ −α‖y − x‖. (12)

By the Hahn-Banach theorem, there exists v∗ ∈ X∗, ‖v∗‖ = 1 such that 〈v∗, y− x〉 = ‖y− x‖. Consider the

function f : X → R given by

f(z) = ϕ(z) + α〈v∗, z − x〉 ∀z ∈ X.

Then f(x) = ϕ(x), and

f(y) = ϕ(y) + α〈v∗, y − x〉 = ϕ(y) + α‖y − x‖ ≤ ϕ(x) = f(x),

i.e., max{f(x), f(y)} = f(x). Since ϕ is α−robustly quasiconvex, f is quasiconvex. Therefore for each

t ∈ [0, 1], we always have

ϕ(x) = f(x) = max{f(x), f(y)} ≥ f(x+ t(y − x))

= ϕ(x + t(y − x)) + tα〈v∗, y − x〉

= ϕ(x + t(y − x)) + tα‖y − x‖,

which implies that

ϕ(x) − tα‖y − x‖ ≥ ϕ(x+ t(y − x)). (13)

Since x∗ ∈ ∂̂ϕ(x), for any γ > 0, there exists a number r > 0 such that

ϕ(z) ≥ ϕ(x) + 〈x∗, z − x〉 − γ‖z − x‖ ∀z ∈ Br(x). (14)

Let t ∈]0, 1[ such that x+ t(y − x) ∈ Br(x). It follows from (13) and (14) that

ϕ(x)− tα‖y − x‖ ≥ ϕ(x) + t〈x∗, y − x〉 − tγ‖y − x‖,

and so

〈x∗, y − x〉 ≤ −α‖y − x‖ + γ‖y − x‖. (15)

On taking limit on both sides of the above inequality as γ → 0+, we get (12).

Case 2. α‖y − x‖ > ϕ(x)− ϕ(y)

We have ᾱ‖y − x‖ = ϕ(x) − ϕ(y), where

ᾱ :=
ϕ(x)− ϕ(y)

‖y − x‖
∈]0, α[.

Since ϕ is ᾱ−robustly quasiconvex, we derive from Case 1 that

〈x∗, y − x〉 ≤ −ᾱ‖y − x‖ = ϕ(y)− ϕ(x)

= −min {α‖y − x‖, ϕ(x) − ϕ(y)} .
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Conversely, assume that X is Asplund, and (b) holds. It follows from Theorem 2.2 that ϕ is quasiconvex.

Suppose that ϕ is not α−robustly quasiconvex, i.e., there exists v∗ ∈ X∗ \ {0}, ‖v∗‖ < α such that ϕv∗

is not quasiconvex. By Lemma 3.3, there are u,w ∈ X and v ∈]u,w[ satisfying (7),(8), and (9). Since

ϕv∗(v) > ϕv∗(u), there exists δ > 0 such that v̄∗ := (1 + δ)v∗ satisfies ‖v̄∗‖ < α and ϕv̄∗(v) > ϕv̄∗(u). Thus,

we have ϕ(v) > ϕ(u), ϕv∗(v) > ϕv∗(u), ϕv̄∗(v) > ϕv̄∗(u) and the lower semicontinuity of ϕ, ϕv∗ , and ϕv̄∗ .

This implies the existence of γ > 0 satisfying

ϕ(z) > ϕ(u), ϕv∗(z) > ϕv∗(u), ϕv̄∗(z) > ϕv̄∗(u) ∀z ∈ Bγ(v). (16)

By the assertion (9), there is vγ ∈ Bγ(v)∩]v, w[ such that ϕv∗(v) > ϕv∗(vγ). Then, vγ can be written as

vγ := v + λ(w − v) with λ ∈

]
0,min

{
1,

γ

‖w − v‖

}]
.

Since ϕv∗(v) > ϕv∗(w) and ϕ(v) ≤ ϕ(w), we have 〈v∗, w − v〉 < 0 and so

ϕv̄∗(vγ)− ϕv̄∗(v) = ϕv∗(vγ)− ϕv∗(v) + δ〈v∗, vγ − v〉

= ϕv∗(vγ)− ϕv∗(v) + δλ〈v∗, w − v〉 < 0.

Applying Lemma 2.1 for ϕv̄∗ , v ∈ [vγ , u] with ϕv̄∗(v) > ϕv̄∗(vγ), there exist x ∈ domϕv̄∗ and x∗ ∈ ∂̂ϕv̄∗(x)

such that

x ∈ [vγ , v] + (r − ‖vγ − v‖)B and 〈x∗, u− x〉 > 0. (17)

Then x ∈ Bγ(v) and so ϕ(x) > ϕ(u) by (16). By the assumption (b) and the second inequality of (17),

−〈v̄∗, u− x〉 < 〈x∗ − v̄∗, u− x〉 ≤ −min{α‖u− x‖, ϕ(x)− ϕ(u)}.

Since 〈v̄∗, u−x〉 ≤ ‖v̄∗‖‖u−x‖ < α‖u−x‖, the above inequality implies that 〈v̄∗, u−x〉 > ϕ(x)−ϕ(u), i.e.,

ϕv̄∗(x) < ϕv̄∗(u) and this contradicts (16). ✷

We next construct a completely new characterization for the robust quasiconvexity. It is based on

the equivalence of the quasiconvexity of a lower semicontinuous function and the quasimonotonicity of its

subdifferential operator.

Theorem 3.2 Let ϕ : X → R be proper, lower semicontinuous on an Asplund space X and α > 0. Then,

ϕ is α−robustly quasiconvex if and only if for any (x, x∗), (y, y∗) ∈ graph ∂̂ϕ, we have

min{〈x∗, y − x〉, 〈y∗, x− y〉} > −α‖y − x‖ =⇒ 〈x∗ − y∗, x− y〉 ≥ 0. (18)

Proof. Suppose that ϕ is α−robustly quasiconvex and that there exist (x, x∗), (y, y∗) ∈ graph ∂̂ϕ such

that

min{〈x∗, y − x〉, 〈y∗, x− y〉} > −α‖y − x‖. (19)

Since ϕ is quasiconvex, ∂̂ϕ is quasimonotone by Theorem 2.2. It follows that

min{〈x∗, y − x〉, 〈y∗, x− y〉} ≤ 0. (20)

Combining (19) and (20), we have

0 ≤ −min

{〈
x∗,

y − x

‖y − x‖

〉
,

〈
y∗,

x− y

‖x− y‖

〉}
< α.
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Without loss of generality, we may assume

〈
x∗,

y − x

‖y − x‖

〉
= min

{〈
x∗,

y − x

‖y − x‖

〉
,

〈
y∗,

x− y

‖x− y‖

〉}
.

Let r > 0 be such that

−

〈
x∗,

y − x

‖y − x‖

〉
< r ≤ α. (21)

By the Hahn-Banach theorem, there exists v∗ ∈ X∗ satisfying 〈v∗, y − x〉 = r‖y − x‖ and ‖v∗‖ = r ≤ α. It

follows that

〈x∗, y − x〉+ 〈v∗, y − x〉 > −r‖y − x‖+ r‖y − x‖ = 0. (22)

Consider ϕv∗ : X → R given by ϕv∗(u) = ϕ(u)+ 〈v∗, u〉 for any u ∈ X . Then, we have ∂̂ϕv∗(u) = ∂̂ϕ(u)+v∗

for u ∈ domϕ. Hence, by the quasiconvexity of ϕv∗ and by Theorem 2.2, we have

min{〈x∗, y − x〉 + 〈v∗, y − x〉, 〈y∗, x− y〉+ 〈v∗, x− y〉} ≤ 0.

Combining with (22), it implies

〈y∗, x− y〉+ 〈v∗, x− y〉 ≤ 0, i.e., 〈y∗, x− y〉 ≤ 〈v∗, y − x〉 = r‖x− y‖.

Letting r → −
〈
x∗, y−x

‖y−x‖

〉
, we obtain 〈y∗, x− y〉 ≤ 〈x∗, x− y〉 and thus (18) holds.

Conversely, assume that (18) holds for all x, y ∈ X and x∗ ∈ ∂̂ϕ(x), y∗ ∈ ∂̂ϕ(y). Taking any v∗ in αB∗, we

next prove that ϕv∗ : X → R, defined by ϕv∗(u) = ϕ(u) + 〈v∗, u〉 for any u ∈ X , is quasiconvex by showing

the quasimonotonicity of ∂̂ϕv∗ . Taking any x, y ∈ X and x∗ ∈ ∂̂ϕv∗(x), y∗ ∈ ∂̂ϕv∗(y), then x∗ − v∗ ∈ ∂̂ϕ(x),

y∗ − v∗ ∈ ∂̂ϕ(y). We then consider two cases.

Case 1. min{〈x∗ − v∗, y − x〉, 〈y∗ − v∗, x− y〉} ≤ −α‖y − x‖

Without loss of generality, assume that

〈x∗ − v∗, y − x〉 = min{〈x∗ − v∗, y − x〉, 〈y∗ − v∗, x− y〉}.

Since ‖v∗‖ ≤ α, we have

min{〈x∗, y − x〉, 〈y∗, x− y〉} ≤ 〈x∗, y − x〉 = 〈x∗ − v∗, y − x〉+ 〈v∗, y − x〉

≤ −α‖y − x‖+ ‖v∗‖‖y − x‖ ≤ 0.

Case 2. min{〈x∗ − v∗, y − x〉, 〈y∗ − v∗, x− y〉} > −α‖y − x‖

Since (18) is satisfied, we have

〈(x∗ − v∗)− (y∗ − v∗), x− y〉 ≥ 0,

i.e., 〈x∗ − y∗, x− y〉 ≥ 0. It implies that

2min{〈x∗, y − x〉, 〈y∗, x− y〉} ≤ 〈x∗, y − x〉+ 〈y∗, x− y〉 ≤ 0.

Hence, ∂̂ϕv∗ is quasimonotone and thus ϕv∗ is quasiconvex for any v∗ ∈ αB∗ by Theorem 2.2. This yields

the α-robust quasiconvexity of ϕ. ✷
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4 Conclusions

Using Fréchet subdifferentials, we have obtained two first-order characterizations for the robust quasicon-

vexity of lower semicontinuous functions in Asplund spaces. The first one is a generalization of [6, Proposi-

tion 5.3] from finite dimensional spaces to Asplund spaces and its proof also overcomes a glitch in the proof

of the sufficient condition of [6, Proposition 5.3]. The second criterion is totally new and it is settled from

the equivalence of the quasiconvexity of lower semicontinuous functions and the quasimonotonicity of their

subdifferential operators. Further investigations are needed to apply those characterizations in partial differ-

ential equations with connections to differential geometry, mean curvature, tug-of-war games, and stochastic

optimal control [5, 6, 7].
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